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LAN PROPERTY FOR AN ERGODIC DIFFUSION WITH JUMPS 


ARTURO KOHATSU-HIGA, EULALIA NUALART AND NGOC KHUE TRAN 


Abstract. In this paper, we consider a multidimensional ergodic diffusion with jumps 
driven by a Brownian motion and a Poisson random measure associated with a compound 
Poisson process, whose drift coefficient depends on an unknown parameter. Gonsidering 
the process discretely observed at high frequency, we derive the local asymptotic normality 
(LAN) property. 


1. Introduction 

On a complete probability space P), we consider the d-dimensional process = 

{Xf)t>o solution to the following stochastic differential equation (SDE) with jumps 

dXf = b{e, Xf)dt + a{Xf)dBt + [ c(Xf_,z) (N(dt, dz) - v{dz)dt ), (i.i) 

where Xq = xq G Mg := M'^ \ {0}, B = {Bt)t>o is a d-dimensional Brownian motion, 
and N{dt,dz) is a Poisson random measure in (M_|_ x Mg,B(M_|_ x Mg)) independent of B, 
with intensity measure i'{dz)dt satisfying A := i^(dz) < oo. Let {Xt}t>o denote the 
natural filtration generated by B and N. The unknown parameter 6 belongs to 0, a closed 
interval of M. The coefficients 6 : 0 x M'^ —)• M'^, cr : M*^ —)• M'^ (g) M'^ and c : M'^ x Mg —)• M*^ 
are measurable functions satisfying condition (Al) below under which equation (|l.lll has a 
unique {J^t}t>o-adapted cadlag solution X^. We denote by P® the probability law induced 
by X^, and by the expectation with respect to P^. For fixed 0o G 0 and n > 1, we 
consider a discrete observation scheme at equidistant times = kA^, k G {0, ...,n} of the 
jump diffusion process X^°, which is denoted by X^ = {Xt^, Xt^^,Xt^), where A„ < 1 for 
all n > 1. We assume that the sequence of time-step sizes A„ satisfies the high-frequency and 
inhnite horizon conditions: A„ —)• 0 and nAn —>• oo as n —oo. 

The aim of this paper is to prove the local asymptotic normality (LAN) property for estima¬ 
tors of 6 based on the observation A”. As is well known, the LAN property is a fundamental 
concept in asymptotic theory of statistics, which was introduced by Le Cam [22] and extended 
by Jeganathan m to the local asymptotic mixed normality (LAMN) property. Initiated by 
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Gobet [8], some techniques of Malliavin calculus have recently been proved to be a powerful 
tool for the stochastic analysis of the log-likelihood ratio of diffusions. Concretely, Gobet [8] 
obtained the LAMN property from discrete observations at high frequency on the interval 
[0,1] for multidimensional elliptic diffusion processes. For this purpose, the integration by 
parts formula of the Malliavin calculus is applied in order to obtain an explicit expression 
of the logarithm derivative of the transition density in terms of a conditional expectation in¬ 
volving the Skorohod integral. To treat the negligible terms, upper and lower Gaussian type 
bounds of the transition density are employed to show the convergence in probability to zero 
of sums of conditional expectations. In the same direction, the LAN property was established 
by Gobet [9] for multidimensional ergodic diffusions on the basis of discrete observations at 
high frequency on an increasing interval. Later on, Gobet and Gloter m obtained the LAMN 
property for integrated diffusions. 

In the presence of jumps, several special cases have been studied. Precisely, the LAN 
property is established for some Levy processes whose transition density can be expressed in 
an explicit form. For instance, stable processes and normal inverse Gaussian Levy processes 
(see [37116]). Ait-Sahalia and Jacod [2] established the LAN property for a class of Levy 
processes involving a symmetric stable process, using a quasi-explicit representation of the 
density. The LAN property for Levy processes observed discretely at low frequency can be 
found in [36( Proposition 4.1, Lemma 2.12]. Recently, Kawai [l5] deals with some cases where 
the solution and transition density are semi-explicit. This implies that a Taylor expansion 
of the log-density with respect to the parameters can be obtained, which reduces the LAN 
property to a classical central limit theorem with independent increments and a residual term. 
This residual term depends strongly on estimates of the first and second derivatives of the 
logarithm of the density of the process, which can be treated using the integration by parts 
formula of Malliavin calculus. 

More recently, using a similar approach as in [8], Glement et al. [5] establish the LAMN 
property for a stochastic process with jumps whose unknown parameters determine the jump 
structure. The number of jumps on the observation time interval is supposed to be deter¬ 
ministic and the corresponding jump times are given. As a consequence, upper and lower 
Gaussian type bounds for the transition density can be obtained and then used to treat the 
negligible terms. 

Later, Glement and Gloter [6| prove the LAMN property for an SDE driven by a cen¬ 
tered pure jump Levy process whose Levy measure is an a-stable Levy measure near zero 
with a £ (1,2). For this, the authors verify the general sufficient conditions established by 
Jeganathan which are essentially based on the L^-regularity property of the transition 
density. Therefore, the upper and lower bounds for the density are not required for treating 
the negligible terms. The crucial point of the proof is the fact that using the time rescaling 
property of stable processes, the asymptotic behavior of the transition density and the deriv¬ 
ative of its logarithm are completely determined by the density of a centered a-stable Levy 
process and its derivative. In fact, as in |8| these quantities can be represented in terms of 
an expectation and a conditional expectation using the Malliavin calculus for jump processes 
developed by Bichteler, Gravereaux and Jacod |1|. 

However, it seems that the validity of the LAN property for SDEs having a Brownian 
driver and a general jump structure has never been addressed in the literature. The first 
problem comes from the fact that the density function of the solution is not explicit in general. 
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Secondly, the asymptotic behavior of the transition density and its logarithm derivative cannot 
be easily determined as in the cases of [ 6 ] and m- As a consequence, the general sufficient 
conditions in [TJ] cannot be used to show the LAN property for these general SDEs with 
jumps. Another problem is that the behavior of the transition density changes strongly due 
to the presence of jumps. In fact, one expects that the lower bound for the density of such 
SDEs with jumps will be controlled by the exponential behavior of the jump process, and 
that the upper bound will be controlled by the Gaussian behavior of the Wiener process. For 
instance, we consider the one-dimensional Levy process (Xf )t>o starting from a; £ M defined 
by 

Nt 

=x + Bt + Y,Y^^ 

i=l 

where B = {Bt)t>o is a standard Brownian motion, N = {Nt)t>o is a Poisson process with 
intensity A > 0 independent of B, and (I^)i>o are i.i.d. random variables independent of B 
and N with probability density j. Here, (p{z) is the Levy density of the Levy process. It 
can be shown that when (p is Gaussian, there exist constants Ci,ci,C,c > 0 such that for 
0 < f < 1 and \y — x\ sufficiently large, the transition density p{t,x,y) of Xf satisfies 


Cie ^*exp 



/ 


In 


\y-x 

t 


. N C 
< pit, x,y) < -^ exp 



and when ip is exponential, 

< p{t,x,y) < 

\t 

This shows that the upper and lower bounds of the density are of different characteristics 
making impossible to implement the argument in Gobet 0 , m- 

Our strategy is that in order to present the methodology used to prove the LAN property 
in the non-linear case dni), it is essential to first well understand how the Malliavin calculus 
approach works in the presence of jumps, and how the Gaussian type estimates for the 
transition density conditioned on the jump structure can be derived and employed for a 
simple Levy process defined by 

xf = xo + et + aBt + Nt- At, 

where N and B are as above, and the parameters 0, a, and A are unknown. In [18], we show 
the LAN property for this simple Levy process. 

In this paper, our result uses the Malliavin calculus with respect to the Brownian motion 
initiated by Gobet [ 8 ], in order to obtain an explicit expression of the logarithm derivative 
of the transition density. To deal with the expansion of the log-likelihood, one difficulty 
is the fact that the conditional expectations are computed under the probability measure 
p 6 »(£) cQj^^ing from the Malliavin calculus, whereas the convergence is considered under the 
probability measure 7 ^ p^(^) where 0(1) will be specified later on as a parameter value 
close to 00 - To solve this problem, we use Girsanov’s theorem in order to change the measures 
(see Lemma 13.51) . The technical Lemma 13.61 is given in order to measure the deviations of the 
Girsanov change of measure when the drift parameter changes. 

Let us mention that the goal of this paper is to define situations where the jump process will 
not “deform” the Gaussian nature of the statistical experiment. As commented before, this 
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cannot be achieved by simply obtaining upper and lower bounds for the transition density. 
Instead, we condition on the jump structure (number of jumps and amplitudes of jumps) and 
use large deviation type results which guarantee that the Gaussian nature of the statistical 
experiment will remain unchanged. Clearly, one can think of the reverse situation: That 
is, the case where the tails of the Levy process are heavy enough to perturb the Gaussian 
nature of the statistical experiment. Still, a central limit type theorem should be applicable 
and therefore one may believe that the LAN property should still hold if enough moment 
properties are assumed. More difficult to study are cases where the ellipticity condition is 
not satisfied. In general, it is challenging to ascertain validity of the LAN property. We leave 
as future research the study of these open problems. Here, to show the large deviation type 
estimates (see Lemma [5.5p . lower and upper bounds for the transition density conditioned on 
the jump structure are strongly used. 

This paper is organized as follows. In Section 2, we formulate the assumptions on equation 
dni) and state our main result in Theorem 12.21 Furthermore, some examples are given. 
Section 3 is devoted to give preliminary results needed for the proof of Theorem 12.21 such as 
an explicit expression for the logarithm derivative of the transition density using the Malliavin 
calculus. The proofs of these results are somewhat technical and are delayed to Appendices 
in order to provide the proof of our main result in a streamlined fashion. We prove our 
main result in Section 4. Finally, the proofs of some technical propositions and lemmas are 
presented in Section 5, where the upper bounds for the transition densities and the large 
deviation type estimates are obtained. 

p0 £(P®) 

In this paper, we use —and -A- to denote the convergence in probability and in law 
under P^, respectively. For x G M'^, \x\ denotes the Euclidean norm. |A| denotes the Frobenius 
norm of the square matrix A, and tr(A) denotes the trace. * denotes the transpose. The com¬ 
pensated Poisson random measure is denoted by N{dt,dz) := N{dt,dz) — i'{dz)dt. Let Z = 
{Zt)t>o be a pure-jump Levy process associated with N{dt,dz), i.e., Zt = Jq J^d zN{ds,dz), 
for t > 0. 


2. Assumptions and main result 
We consider the following hypotheses on equation dni). 

(Al) For any 0 G 0, there exist a constant L > 0 and a function : Mq —)■ M_|_ of polynomial 
growth in z with degree m > 1, i.e., ^(-2^) < C{1 + \zY^) for some constant C > 0, 
satisfying that C‘^{z)v{dz) < oo, such that for all x,?/ G 2 : G Mq, 

\h{e,x) - b{e,y)\ + |cr(x) - a{y)\ < L\x - y|, \h{d,x)\ < L(1 + |x|), 

\c{x,z) - c{y,z)\ < C,{z)\x - y|, |c(x, 2 ;)| < C( 2 )(l + kl)- 

(A2) The diffusion matrix a satisfies an uniform ellipticity condition, that is, there exists a 
constant c > 1 such that for all x, ^ G 

< c|{|"- 

C 
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(A3) For all (x,z) e x Mg and i € Ci(x,z) ^ 0, and Cj(x,0) = 0. Moreover, 

there exists a constant C* > 0 such that for all z £ Mg, 


inf \c{x, z)\ > C\z 


(A4) The functions 6, a and c are of class w.r.t. 6 and x. Each partial derivative dob, 
dxib, dxiCr and is of class w.r.t. x. Moreover, there exist positive constants 
C,q,e, independent of { 9 , 9 i, 62 ,x,y,u,v, z) £ 0^ x (M‘^)^ x Mg such that 

(a) |9^T(6»,a;)| + \d^^a{x)\ < C, and \dxiC{x,z)\ < ((z); 

(b) \h{-,x)\ <C{1 + |x|'') for h{-,x) = deb{9,x),dl.^^^b{9,x),dl. Qb{9,x) or 5^, 

(c) \dl.^^.c{x,z)\ < CC(z) (1 + |x|); 

(d) ldob(9i,x) - dob(92,x)l < CI9i - 92^1 + Ixn, 

(e) ldob(9,x) - d0b(9,y)l < Cjx - yj; 

(A5) The process is ergodic, that is, there exists a unique invariant probability measure 
7rog(dx) such that as T —j oo. 




p®o 


g{x)Trgg{dx), 


for any vreo-integrable function : M'^ —>■ M'^ . Moreover, \x\PTTgQ{dx) < oo, for any 

p > 0. 


(A 6 ) For any p > 1, J^d \z\Ph'{dz) < oo. 

(A7) There exist constants pi > 0 and v £ (0, such that —)• 0 as re —J oo. 


(A 8 ) (a) I det X^l;{v)\ > r]{z), and {V'lp ^('(;)re| > where ^p{v) = f{-^^^+c{-y^^,z))- 


/( 




+ c( 


, ^ , z)), for |u| < 1 , \x\ < 1 , and ijj ^ is the inversion function 

yi-kr 
— y 
\A-H^ 


of -0. Here, f{y) = for y £ M'^, r]{z) = i^l{| 2 |>i} + Cl{|^|<i}, and 


I3{z) — C'|zpl{| 2 |>i} +C'l{| 2 |<i}- 
(b) The matrix Xfa satisfies an ellipticity assumption in M'^. That is, for all x £ M'^, 

inf |V/(x)(t(x)^P > 0 . 

«eiR£|C|=i 


Interpretation of the above hypotheses: Lipschitz continuity and linear growth con¬ 
ditions (Al) on the coefficients 6 , a and c ensure the existence of a unique cadlag and 
adapted process X^ = (Xf)t>o solution to equation ( 11 . 11 ) on the filtered probability space 
(fl, {T)}t>o, P) (see [T3l Theorem III.2.32]). The drift coefficient is assumed to be un¬ 
bounded, which will lead to a technical proof of upper bounds of the transition density con¬ 
ditioned on the jump structure by using a transformation of equation (jl.ip via the function / 
defined in (A 8 )(a) (see LemmaThe case of a bounded drift coefficient will be discussed 
in Subsection 14.41 Moreover, conditions on the jump coefficient (Al) and (A3) are needed 
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in order to control the upper and lower bounds of the jump amplitudes of the Levy process 
(see the proof of Lemma 15.5p . 

To be able to apply the Malliavin calculus, the uniform ellipticity condition (A2) and 
regularity conditions (A4)(a)-(e) on the coefficients are required. Condition (A6) related to 
the finite moments of any order of the Levy measure is used to estimate the jump components. 

Recall that ergodicity in the sense of (A5) was shown by Masuda in |25l Theorem 2.1] 
for a class of jump diffusion processes. Several examples of ergodic diffusion processes with 
jumps are given in [25l |26l [3l] . Moreover, results on ergodicity and exponential ergodicity 
for diffusion processes with jumps have been established by Masuda [25l [26]. In addition, 
Kulik [T9| provides a set of sufficient conditions for the exponential ergodicity of diffusion 
processes with jumps without Gaussian part and gives some examples. More recently, Qiao 
|32] addresses the exponential ergodicity for SDEs with jumps with non-Lipschitz coefficients. 
However, ergodicity and exponentially ergodicity in these papers are understood in the sense 
of [28], which are both stronger than in the sense of (A5). 

Condition (A7) controls the behavior of small jumps of the Levy process, which is deter¬ 
mined by the mass of the Levy measure or jump size distribution around the origin. Indeed, 
this condition which is used in Lemma 14.81 expresses the fact that the small jumps do not 
interfere with the Gaussian behavior of the transition density. This can be interpreted that 
the jump component is “dominated” over by the Gaussian component in a small time in¬ 
terval. This is the main restriction which implies that the total Levy measure is hnite and 
therefore we are dealing with the case where the jumps in (jl.ip are given by a compound 
Poisson process. We have preferred this presentation in order to point out that the general 
problem for SDE driven by a general Levy process remains open. 

Conditions (A1)-(A2) imply that the law of the discrete observation ... ,Xf^) 

of the process {Xf)t>o has a density in that we denote by p„(-;0). In particular, 

Pn{-](^o) denotes the density of the random vector A”. 

In order to explain why we need the conditions (A8)(a) and (A8)(b), note that in the 
classical Malliavin calculus one usually considers bounded smooth coefficients in order to prove 
that the density of Xf has Gaussian upper bounds. In the present case, the drift coefficient 
has linear growth and therefore classical techniques do not apply. In |9], a Girsanov’s theorem 
approach is used but this argument does not work here due to the presence of jumps. Instead, 
we perform a change of variables Vf = f{X^) so that the random variable Vf has bounded 
drift. Then Gaussian like estimates for Xf can be obtained at the expense of these two 
conditions. Additionally, we do not require a squared exponential moment condition or that 
the coefficients have to be for some a > 0 like in [9]. We show in the next example that 

these conditions may be easily verified in the following four classes of Levy measures. 


Example 2.1. We assume d = 1 and c{x,z) = z in this example for simplicity. 
1) Changing variables u := , it is easy to check that 


z^ + A+\z 


< ijjfv) < 


+ 4 + 


for all juj < 1. Then, the inverse function theorem implies that [f) = 

Therefore, condition (A8)(a) holds. 
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2) Then f'{x) = (1 + 2 > 0, for all x G M. Thus, condition (A8)(b) holds. 


3) Class 1: Assume v{dz) has a support on {jzl > C} for some constant C > 0. Then 
condition (A7) holds for any pi,v > since r'idz) = 0, for n sufficiently large. 


4) Class 2: Assume that v{dz) = where a < 0. Condition (A6) holds since 

for any p > 1, 


/ 

Rf 


\z\Pi^{dz) = 


< 00 . 


p — a 


Condition (A7) holds for any pi > 0, v > 0 since for n sufficiently large, 


rpi^n 2 

4-piA- 


a 


which tends to zero as n —)• 00 . 


5) Class 3: Assume that v{dz) = Ciip{z)lp^„,\yi^dz + C 2 \z\'^lp^^\^i'^dz for some constants 
Ci,C 2 > 0, where tp is the standard Gaussian density and k > —1. Condition (A6) holds 
since for any p>l. 



Cl 


L 


^/^ 4{|2|>1} 

<Ci(p-l)!! + 


z\Pe-^dz + C2 [ \z\P+'^dz 

J{\z\<l} 

2 C 2 

- < 00 . 

p + K + l 


Condition (A7) holds for any pi > 0, u > 0 since for n sufficiently large. 



2 ^ 

K, + 


2 r\ •> 


which tends to zero as n —)• 00 . 


6) Class 4- Assume ^{dz) = Cip{z)l^\„,\yijdz+C 2 \z\'^l^\„,\<^ijdz for some constants Ci,C 2 > 
0, where k > —1 and p is the Levy measure of a symmetric gamma process, that is, p{z) = 
Q.g-^kl for some a > 0 and (3 > 0. Condition (A6) holds since for any p>l. 



zfv 


{dz) = Cia f \z\P ^e ^^^^dz + C2 [ 
JUz\>l} Jt\ 

I IP-1 (P + 1 )' 






Cia 

J{\z\>i} 


L 


dz + C2 / \z\P^'^dz 


2Cia{p+l)\ 2 C 2 
/3p+^ P + k + 1 


< 00 , 


where we have used the inequality e ^ valid for any x > 0 and p > 1. 

Proceeding similarly as in example 4), condition (A7) holds for any pi > 0, u > 0. 


The main result of this paper is the following LAN property. 
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Theorem 2.2. Assume conditions (A1)-(A8). Then, the LAN property holds for the like¬ 
lihood at 6*0 with rate of convergence \/nAn and asymptotic Fisher information r(0o)- That 
is, for all u gW, as n ^ oo. 


Pn(X^;dn) C(P^o) 
Pn{X^;Oo) 


«A6(O,r(0o)) 


yr(0o), 


where On '■= + and A6(0, r(0o)) is a centered Gaussian random variable with variance 


r( 6 *o)= f {dgb{9o,x))* {aa*) ^{x)dgb{9o,x)Trgg{dx). 
jR’i 


Remark 2.3. To simplify the exposition, our result is established for the scalar parameter 
case. The multidimensional parameter case can be treated using a decomposition on the com¬ 
ponents of parameters and the same computations as the scalar parameter case. 


Remark 2.4. In [T8] we estimate the drift and diffusion parameters, and the jump intensity 
of a simple Levy process. Therefore, Theorem \2.‘A is a non-linear extension of the result in 
[18] when the unknown parameter appears only in the drift coefficient. 

Remark 2.5. We recover the same formula for the asymptotic Fisher information r(0o) of 
ergodic diffusion processes without jumps obtained by Gobet in [3 Theorem 4.1], This comes 
from the fact that the jump component is dominated over by the Gaussian component in a 
small time interval, which will be seen in Section^ 

Remark 2.6. When the LAN property holds at 9 q, convolution and minimax theorems can he 
applied (see m, m)- On one hand, the asymptotically efficient estimators of the parameter 
6*0 are defined in terms of the optimal asymptotic variance r( 0 o)~^ and the optimal rate of 
convergence \fnKf. On the other hand, one can derive the lower bound for the asymptotic 
variance of estimators given by T{9o)~^. 

Let us mention that the question of asymptotic efficiency of the estimators based on discrete 
observations of ergodic diffusions with jumps was solved e.g. by Shimizu and Yoshida [35] and 
Mai [21] . The estimators in [35] are constructed from a contrast function which is based on a 
discretization of the likelihood function associated to the continuous observations of an ergodic 
diffusion with jumps whose drift and diffusion coefficients as well as its jump coefficient depend 
on unknown parameters. The drift parameter of the Ornstein- Uhlenbeck processes driven by 
a Levy process is dealt with in |24] where the estimators are constructed from a discretization 
of the time-continuous maximum likelihood estimators. These estimators are asymptotically 
efficient since their variance attains the lower bound given by r(do)~^ with the optimal rate 
of convergence (see |35[ Theorem 2.1, Remark 2.2], |24[ Theorem 3.5, Remark 3.6] and [241 
Theorem 4.6]j. For other estimators for 9 based on quasi-likelihood estimators see Masuda 
[27] and Ogihara and Yoshida [30] . 

Example 2.7. 1) Gonsider the one-dimensional Ornstein-Uhlenbeck process with jumps de¬ 
fined as 

Xf = xo-9 [ Xlds + aBt+ [ [ zN{ds, dz), 

Jo Jo Jro 

where d > 0, cr S Mo- Assume that the Levy measure satisfies condition (A6). Then X^ is 
ergodic in the sense of (A5). Furthermore, the invariant probability measure 7rg{dx) can be 
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computed explicitly (see |33l Theorem 17.5 and Corollary 17.9] and |25l Theorem 2.6]), and 
satisfies \xy'Ke{dx) < oo, for any p > 0. In particular, 

= [ ^Mdx) = ^ + A [ . 

Jm 2(9 V cr^ 7 ro J 

Notice that conditions (A1)-(A4) and (A8) hold. Assume further condition (A7). As 
a consequence of Theorem Ig.gL the LAN property holds with rate of convergence \/nA„ and 
asymptotic Fisher information r(0o)- 

2) Consider the one-dimensional process 

Xf = xo6taBtf [ zN{ds,dz), 

Jo Jro 

where 0 € M and cr S Mq- Assume that the Levy measure satisfies conditions (A6) and (A7). 
Notice that conditions (A1)-(A4) and (A8) hold. Then the LAN property holds with rate 
of convergence y/nKf and asymptotic Fisher information r(0o) = ^- In this case, condition 
(A5) is not needed since r(0o) can he obtained without using the ergodicity assumption, but 
thanks to the simple structure of the drift and diffusion coefficients (see (j4.5p below). 

As usual, constants will be denoted by C or c and they will always be independent of time 
and but may depend on bounds for the set 0. They may change of value from one line 
to the next. 


3. Preliminaries 


In this section, we introduce some preliminary results needed for the proof of Theorem 12.21 
The proofs are given in the Appendix so that the reader can access the proof of the main 
result in the next section. 


In order to motivate the preliminary results to follow, recall that in order to deal with 
the log-likelihood ratio in Theorem 12.21 we may use the Markov property to rewrite the 
global likelihood function in terms of a product of transition densities and then apply a 
mean value theorem. We start as in Gobet [ 8 ] by applying the integration by parts formula 
of the Malliavin calculus on each interval [tfcTfc+i] to obtain an explicit expression for the 
logarithm derivative of the transition density. In order to avoid confusion with the observed 
process A®, we introduce an extra probabilistic representation of for which the Malliavin 
calculus will be applied. That is, we consider on the same probability space P) the 

flow Y^{s, x) = {Y^{s, x),t > s), X € on the time interval [s, oo) and with initial condition 
yfo ,x) = x satisfying 


Yfi{s,x) =x + 


b{e,Y^{s,x))du+ / a{Y^{s,x))dWu 


-t- / f c{yO_{s,x), z) {M{du,dz) — i'{dz)du) , 
J s 


(3.1) 


where W = {Wt)t>Q is a Brownian motion, M{dt,dz) is a Poisson random measure with 
intensity measure i'{dz)dt associated with a pure-jump Levy process Z = {Zt)t>o, he., Zt = 
fo (ds, dz). Here, Z is an independent copy of Z, and M[dt, dz) := M {dt, dz) — v{dz)dt 
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denotes the compensated Poisson random measure. The processes {B, N, W, M) are mutually 
independent. In particular, we write Y"/ = y/(0,xo), for all t > 0. That is, 

{•t ft j-t 

+ I c{Y^_,z)M{du,dz). (3.2) 


y/ = xo+ / b{e,Y^)du+ [ (7(Y^)dWu 
Jo Jo 



We will apply the Malliavin calculus on the Wiener space induced by W. Let D and <5 
denote the Malliavin derivative and the Skorohod integral w.r.t. W on each interval 
respectively. We denote by the space of random variables differentiable in the sense of 
Malliavin, and by Dom 5 the domain of 5. Notice that the Malliavin calculus adapted to 
our framework is introduced, for instance, in m- Recall that for a differentiable random 
variable F e D^’^, its Malliavin derivative is denoted by DF = {D^F ,..., D'^F), where is 
the Malliavin derivative in the ffh direction of the Brownian motion W = ..., W^), 

for i £ {1,..., d}. For a M'^-valued process U = {U^, ..., IF^) £ Dom S, the Skorohod integral 
of [/ is dehned as d(l7) = Yli=i where Y denotes the Skorohod integral w.r.t. VF®. 

For any k £ {0, ...,n — 1}, under conditions (Al), (A2) and (A4)(a)-(c), the process 
{Yf{tk,x),t £ [th,tk+i]) is differentiable w.r.t. x and 0, and we denote by (VxYf{tk,x),t £ 
[tk,tk+i]) and {dgYf{tk,x),t £ [tk,tk+i]) the Jacobian matrix and vector, respectively (see 
Kunita [20]). These processes are the solutions to the linear equations 


YxYt {tk,x) =ld+ I Vxb{e,Y^{tk,x))VxY^{tk,x)ds 

d 


(3.3) 




+ V / v,f7,(y/(4,x))v,y/(4,x)dwi+ / [ v,c(y/_(4,x),z)v,y/(4,x)M(ds,d^), 


deYt{tk,x) = (deb{e,Yf{tk,x)) +Vxb{B,Y^{tk,x))dgY^{tk,xfj ds 

^ pi 


(3.4) 


Vxa,{Y,\tk,x))deY,ytk,x)dWi + 


Vxc{Y^_{tk,x),z)deY^{tk,x)M{ds, dz), 


i=i 

where ai,ad ■ —)■ denote the columns of the matrix a. 

Moreover, the random variables Yf{tk,x), VxYf{tk,x), {VxYf {tk,x))~^ and dgY^{tk,x) 
belong to for any t £ [tk,tk+i] (see [311 Theorem 3]). On the other hand, the Malliavin 
derivative DgY^(tk,x) satisfies the following linear equation 

DsY^\tk,x) = (T{Y,\tk,x)) + f Vxb{eXitk,x))DsY^itk,x)du 

J S 

+ V fvxCTi{Y^itk,x))DsY^itk,x)dWi,+ f [ VxciY^.{tk,x),z)DsY^{tk,x)M{du,dz), 

Js Js Jr^ 

for s < t a.e., and DsYf{tk,x) = 0 for s > t a.e. By |3ll Proposition 7], it holds that 

DsY^%tk,x) = VxYf{tk,x){VxY^^ (4, x))"V(y/ (4, x))l[4,t](s). 


We consider the canonical filtered probability spaces (D®, y®, {Jy® }t>o,P®),i £ {l,...,4},as- 
sociated to each of the four processes B, A((if, dz), kF and M(df,dz) . Then, (D, B, {yt}t>o, P) 
is the product filtered probability space of the four canonical spaces. 


LAN PROPERTY FOR AN ERGODIC DIFFUSION WITH JUMPS 


11 


^ We set n = p = pi®p2, Tt = x 

P = p3 (g) p4^ a^j^d Tt = Tf ® Tf. Then, 0 = 0x0, T' = T’(8)T', P = P(8)P, 7^4 = Ft, 
and E = E(8)E, where E, E, E denote the expectation w.r.t. P, P and P, respectively. For all 
A ^ F and x € M'^, we set P®(^) = E[lyi|yj® = x\. We denote by E® the expectation w.r.t. 
P^. That is, for all ^-measurable random variables V, we have that E®[y] = E[P|yj^ = x\. 

Under conditions (Al), (A2) and (A4)(a), for any t > s the law of conditioned on 
Yg = X admits a positive transition density p^{t — s,x,y), which is differentiable w.r.t. 9. 
As a consequence of [8l Proposition 4.1], we have the following explicit expression for the 
logarithm derivative of the transition density w.r.t. 9 in terms of a conditional expectation. 


Proposition 3.1. Under conditions (Al), (A2) and (A4)(a)-(c), for all k G {0,..., ra — 1}, 
9 £ Q, and x,y £ 

dep^ 


pu 


{An,x,y) = 

^n. 


5lU {tk,x)d0Yt^^^{tk,x 


YtU = y 


where Uf{tk,x) = {DtYf^^^{tk,x)) i, t £ [4,4+i]. 


We have the following decomposition of the Skorohod integral appearing in the conditional 
expectation of Proposition 13.11 

Lemma 3.2. Under conditions (Al), (A2) and (A4)(a)-(c), for all k £ {0, ...,n —1}, 9 £ Q, 
and X £ 

6 (u%tk,x)deYl^^{tk,x)) = Ar,{deb{9,Yl)r{aa*)-HYl) (y^^^ - Y^ - 6(0,y/jA„) 

I I 

“ 1 ” -^2 "^3 -^4 "^5 "^6 ’ 


where 


K 2 — 


/ / tr(zi, (((V,y„®(4,x))-iW,y„^(4,x)))*)a-i(y/(4,x))V,y/(4,x))dnd 

J tJ s 

Uk + l 

/ ((v,y/( 4 , x))-ia, 6 ( 0 , y/( 4 , xWds 

Jtk 

X ((V,y/(4,x))*(a-i(y/(4,x)))* - {V^Yl{tk,x)r{a-\Yl{tk,x))r) dWs, 

{{{V^Y!{tk,x))-^dgh{9,Y!{tk,x))r - {{V^Yl{tk,x))-^dgh{9,Yl{tk,x))r) ds 


Rt’’' = 


rtk+i 


rI’’^ = A. 


X / (y.Ytl {tk,x)r (a-1 {Ytl {tk,xWdWs 
Jtk 

'tk+i 


rI’^ = A. 


{deb{9,Yl)r{aa*)-\Yl) (6(0, y/) - 6(0, y/j) ds, 

{deb{9,Yl)r{aa*)-\Yl) (a(y/) - a(y/j) 

iif = A„(a,6(0,y/j)*(aa*)-i(y/j [ c{Y!_,z)M{ds,dz). 

J tic. 
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We will use the following estimates for the solution to ()3.ip . 

Lemma 3.3. Assume conditions (Al) and (A6). 

(i) For any p > I and 6 G Q, there exists a constant Cp > 0 such that for all k G 
{0, ...,n - 1} and t G [tk,tk+i], 


E 


-Y^l{tk,x)‘ \Y^l{tk,x)=x < Cp |t - (1 + |x|P). 


(ii) For any function g defined onQ x with polynomial growth in x uniformly in 6 G Q, 
there exist constants C,q > 0 such that for all k G {0,n — 1} and t G [tk, tk+i], 


E 


9{d,Yt{tk,x)) \Y^l{tk,x) = x < (7(1 + |x|'?). 


Moreover, all these statements remain valid for 


Assuming conditions (Al), (A2), (A4)(a)-(c) and (A6), and using Gronwall’s inequality, 
one can easily check that for any 6 G & and p > 2, there exist constants Cp, q > 0 such that 
for all k G {0,..., n — 1} and t G [tk,tk+i], 


E 


E 


'^xYf{tk,x)^+ {X^Yf{tk,x)) Yf{tk,x)=x 


+ sup E 


DsYf{tk,x) Y^l{tk,x)=x <Cp, and 


deYt{tk,x) Yi-^{tk,x) = x 


+ sup E 

i^k + l] 


Ds[VxYt{tk,x)) Yl{tk,x) = x <Cp{l + \x\'^), 


(3.5) 


where the constant Cp is uniform in 0. As a consequence, we have the following estimates, 
which follow easily from (15.21) , Lemma 13.31 and properties of the moments of the Brownian 
motion. 


Lemma 3.4. Under conditions (Al), (A2), (A4)(a)-(e) and (A6), for any 6 G Q and 
p > 2, there exist constants Cp, q > 0 such that for all k G {0,..., n — 1}, 


E 

E 




= 0 , 


jyO fk I YyO fk I TyO 

H“ -^2 "^3 


\Ytl{tk,x) = X 


3p+l 

< CpAn ^ 


(l + lxl-?). 


(3.6) 

(3.7) 


We next recall Girsanov’s theorem on each interval [tk,tk+i]- 


Lemma 3.5. Assume conditions (A1)-(A2). For all 9,0i G 0, and k G {0, ...,n— 1}, define 
the measure 


Qk'\A) = E 


l^e 


-ft^+HH9Xt)-H9uXt))*a-UXt)dBt + ytl;+^\(bie,Xt)-b(ei,Xt)ra-UXt)fdt 


for all A G T. Then is a probability measure and under Q^k'^, the process = 

Bt + a~^{Xs){b{9, Xs) — b{6i,Xs))ds,t G [tfc,tfc+i]) is a Brownian motion. 
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Lemma 3.6. Assume conditions (Al), (A2), (A4)(b) and (A6). Let 9,9i £ 0 such that 
\9 — 9 1 \ < for some constant C > 0. Then there exist constants C,qo > 0 such that for 

any random variable V, p> 1, and k £ {0, ...,n — 1}, 




V 


dP 


dQ' 


.ei,e 


- 1 


a; 




< -^ (1 + IA 


i<?o 

'■ij 


Ef 


|EP 


A 




da, 


where a £ [0,1], denotes the expectation under the probability measure P“ defined as 


dP^ 


dQ 


Bue 


^aftl^+Hb{0,Xt)-b{ei,Xt)ra-AXt)dBt-4ft^^^iH9,Xt)-b{9uXt)r^-\Xtfdt 


Next, we recall a discrete ergodic theorem. 


Lemma 3.7. |17l Lemma 8] Assume conditions (Al) and (A5). Consider a differentiable 
function g' : —)• , whose derivatives have polynomial growth in x. Then, as n ^ oo, 


1 

n 


n—1 




P^o 


fc =0 


g{x)TT0^{dx). 


We finally recall two convergence in probability results and a central limit theorem for 
triangular arrays of random variables. Eor each n £ N, let {Zk,n)k>i and (Cfc,n)fc>i be two 
sequences of random variables defined on the filtered probability space (17, F, {Ft}t>o-, P); and 
assume that they are -measurable, for all k. 

Lemma 3.8. [71 Lemma 9] Assume that as n ^ oo, 

n—1 n—1 

(i) Y.E[Z,4Ft,] A 0, and (ii) J^E A 0. 

/c=0 k=0 

Then as n ^ oo, 0. 

Lemma 3.9. [121 Lemma 4.1] Assume that as n ^ oo, 

n—1 

j2E[\Zk,nm,]^o. 

k=0 

Then as oo, Y,k=o ^k,n A- 0. 

Lemma 3.10. [121 Lemma 4.3] Assume that there exist real numbers M and P > 0 such that 

n—1 n—1 

^E[a,n|AtJ Am, ^ (e [ClM - (E[a,n|.EtJ)2) A P, and 

k=0 k=0 

n—1 

^e[AIA] ^0, 

k=0 

as n ^ oo. Then as n ^ oo, X^^Zq Cfc,n Af + M, where J\f is a centered Gaussian random 
variable with variance V. 
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4. Proof of Theorem 12.21 

In this section, the proof of Theorem 12.21 will be divided into three steps. We begin deriving 
a stochastic expansion of the log-likelihood ratio using Proposition 13.11 and Lemma 13.21 The 
second step deals with the main contributions by applying the central limit theorem for 
triangular arrays to show the LAN property. Finally, the last step is devoted to treat the 
negligible contributions of the expansion. 


4.1. Expansion of the log-likelihood ratio. 

Lemma 4.1. Assume conditions (Al), (A2) and (A4)(a)-(c). Then 

n—1 


n—1 


, Pn{X"",dn) ^ 

log-nTF-TTT = + 


Pn{X^-,Oo) 


! VT / ^ / I ^k,n ^k,n ^k,n 

V k=0 -^0 t 


k=0 


yi/ , y5,l I ; 76 ,£ 
^L. „ ~r „ ~r 


+ E' 


m 




J^eii),k j^0{e),k J^e(e),k j^0{e),k ^0(i),k 


1 


jyuy'Lj.ry. jyu 


-Rl 


_ Y 

''4 + 1 ^4 + 1 


(4.1) 


di, 


where 6{i) := 6n{i,u) := 9 q + ^ , and 

V Tll\n 


^k,n — 


U 


[\deb{e{i),Xt,)r 

Jo 


VnAn JO 

X (a(AiJ - Bt^) + (6(00, WJ - 6(0(f), WJ) A^i) dl, 

ik+l 


= All (9,6(0(f), wj)* {aa*)-HXt,) ^ ( 6 ( 00 ,^^) - 6 ( 0 o,Xij) ds, 


zy = An 

k,n ^ 


{debm,Xt,)r iaa*)-HXtJ (a(Afo) - a(Wj) dB 
z4 = Aii(9,6(0(^),Wj)*(aa*)-i(Wj / / c{xt,z)N{ds,dz) 

Jtk 0 Ko 


Proof. By the Markov property and Proposition 13.11 

log = E log ) 


P„(X”;9o) 


k=0 


n—1 

E 

k=0 

n—1 


U 1'^ dgp^^^') 

VnAn Jo 


{An,Xt„Xt,^Vdi 


IL—± Pi 

y-^ 

u-n V nA3 Jo 


E 


0 ( 1 ) 

Nt, 




_ Y 

'4+1 ^*fe+i 


dl. 


k=0 \/^^n 

We next apply Lemma 13.21 and use equation (11.11) for the term — Xt^ coming from 

the term 4+i ~ ™ Lemma [3.21 to obtain the expansion of the log-likelihood ratio (j4.1|) . 


Thus, the result follows. 


□ 


In the next two subsections, we will show that f,k,n is the only term that contributes to 
the limit and all the others terms are negligible. Therefore, the main term in the asymptotic 
behavior is given by the Gaussian and drift components of equation (II.ip . 
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In all what follows, hypothesis (A5) and Lemma [3.71 will be used repeatedly without being 
quoted. 

4.2. Main contributions: LAN property. 

Lemma 4.2. Assume conditions (Al), (A2), (A4)(a)-(d), (A5) and (A6). Then as n ^ 
oo, 

n—l 


k=0 


^(£5)^AA(o,r(0o))-yr(0o), 


where r(0o) is defined in Theorem \2.S[ 

Proof. Applying Lemma [3. 101 to f,k,ni we need to consider [Cfc ^ ^ {1)2,4}. This 

conditional expectation equals n\^ik\- Therefore, it suffices to show that as n —)• oo, 

,2 


n—l 


fc =0 

n—l 


£4 


k=0 

n—l 






4 I 


-T 

£4o. 


^k,n\J~tf. 


2\ p^n ^ 

^ u^noo), 


(4.2) 

(4.3) 

(4.4) 


k=0 


Proof of (j4.2l) . Using the fact that — BtfiTtfi = 0 and the mean value theorem for 

vector-valued functions, we get that 


n—l 


k=0 


U 

n 


n 1 pi 

E/ Hdeb{9{i),Xt,)T{aa*)-\Xt,) deb{9{i,a), Xt,)dadi 

l.-nJ0 Jo 


2 ^-1 /■! 

E 

k=0' 
n—l 

- J E (.deb{9o,Xt,)r {aa*)-HXt,)dgb{9o,Xt,) - H, - H,, 


k=0 


where 9{i, a) := 9o + Hi = Y2=l ^k,n, and 


n. — 


[\{debi9{i),Xt,))* {aa*)-HXt,) [\deb{9{i,a),Xt^) - deb{9o,Xt,)) dadi, 

IT' Jo Jo 

2 ^-1 i-l 

i^2 = —E / ndebi9ii),Xt^) - debi9o,Xt^)r {aa*)-\Xt^)deb{9o,Xt^)di. 


n — Jo 
k=o ^ 


Using hypotheses (A2) and (A4)(b), (d), we get that for some constants C,q > 0, 


n—l 




n—l 


n\\J^tk 




k=0 


WnXr. 


k=0 
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which, by Lemma 13.91 implies that Hi —> 0 as n —>• oo. Thus, so does H 2 by using the same 
argument. On the other hand, applying Lemma 13.71 we obtain that as n —>• 00 , 

- n—1 
^ fe =0 


which gives (j4.2jl . 

Proof of ()4.3I) . First, from the previous computations, we have that 


n—1 

k=0 


f.k,n\^t 


ik 


9 4 ri -1 / „1 

2 ^ 




n 1 / i^i pi \ . 

l{deh{e{llXt^)r debma),Xt,)dadij 


k=0 

4 n-1 


k=0 




for some constants C,q > 0, which converges to zero in -probability as n —)■ 00 . 
Next, using properties of the moments of the Brownian motion, we can write 


n—1 2 

t2 I T 


n—L 


fc =0 


u 

n 


{deb{eo,Xt^))* {aa*)-\Xt^)deb{9o,Xt,) +H 3 + H 4 + H 5 , 


k=0 


where, setting 9{i') := 9n{i',u) := 9 q -|- f f , 

V nl\'n 

,2 /■! 


^3 = - V / {deh{9{i),Xt,) - deb{9o,Xt,)r {aa*)-HXt,)deb{9o, Xt^)de 

^ k=oJ^ 

,2 /-i /-i 


^4 = -E 

k: 

vfX 


Tl * ^ / n / f) 

fc =0 ^ 


= 


E 


^ —0-^0 JO 


(a 06 ( 0 (/), X*J - ^ 06 ( 00 , j) dldi, 


X (6(00,- b(9{i),XtY) {oa*)-^{Xt:)deb{9{i),Xt^)didi. 

As for the term Lfi, using hypotheses (A2) and (A4)(b), (d), we get that LTo, H 4 , converge 
to zero in -probability as n —)• 00 . Moreover, using again (14.51) . we conclude (14.3|) . 


Proof of ()4.4I) . Basic computations yield 


n—1 

EE[d: 


k=0 



Cu^ 


< 2 


k=0 


(i + i^i.r) 


for some constants C,q > 0. The proof of Lemma 14.21 is completed. 


□ 
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4.3. Negligible contributions. 

Lemma 4.3. Under conditions (A1)-(A8) , as n ^ oo, 

n-l 

/ 


^k,n ^ ^k,n + ^k,n 


+ E' 


m 


-Ft 


e(t),k ^ J^8{e),k J^8{£),k _ p6»(£),fc _ p 0 (£),fc _ p6»(£),fc 


-r: 


pi/ 

rie: iLa 


_ Y 

-'tfc+i ^tk+i 


P®0 

de y 0. 


Proof. The proof is completed by combining the five Lemmas 14.4114.81 below. □ 

Consequently, from Lemmas 14.1114.21 and 14.31 the proof of Theorem 12.21 is now completed. 
Lemma 4.4. Under conditions (Al), (A2), (A4)(a)-(e), (A5) and (A6) , as n ^ oo, 


n-l „i 

^ Jo 


E 


m 


-r: 


8{e),k jj8{e),k 


+ + R 


e{t),k 


_ Y 


P®0 

dt y 0. 


Proof. It suffices to show that conditions (i) and (ii) of Lemma 13.81 hold under the measure 
P^°. We start showing (i). Applying Girsanov’s theorem, Lemma 13.61 (|3.6p . and (13.71) with 
p = 2 , we get that 

n—1 


a 

=0 


E 


10 


E' 


m 


-R 


8{e),k ^ J^8(£),k 


1 


+ i?: 


:8{£),k 


_ Y 

''4+1 ^4+1 


Ri 


k=0 

n—1 

< ^_, 


\u\ 


RQm.e, 


^_ j^{Fj,k ^ j^8{£),k ^ j^9{£),k\^ 


dP 




£k 


- 1 


dt 


X, 


4 


dt 


< 


C\u\X 


T n-l 


n 


E (1 + 140 


A:=0 


for some constants C,q > 0. Observe that (13.71) remains valid under the measure P“ defined 
in Lemma 13.61 This shows Lemma l3.8l ib Similarly, applying Jensen’s inequality, Girsanov’s 
theorem. Lemma (3^ and (13.71) with p G {2,4}, we obtain that 


72—1 9 


E 


E 


fc=0 "■ 


n—£ 2 /.I 

E U^ f 

77, A 3 

k=0 ^ ^ 


f 


E' 


m 

Xt, 


-R 


nS{£),k 


+ + R. 


B(£),k 


_ Y 

'4+1 ^4+1 




1 

dij 

•E 4 


/o 


E^e(U.eo 


jf{£),k ^ j^8i£),k 


X, 


+ 




-R! 


, p6»(r),fc 


+ + R. 


B(£),k 


dP 






- 1 


X, 




< 


Cu^Al "" ^ 


n 


E (1 + A’ 


41 '') > 


k=0 


de 


which concludes the desired result. 


□ 
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Lemma 4.5. Under conditions (Al), (A2), (A4)(b), (A5) and (A6) , as n ^ oo, 


u 


n—l 


E 


m 


R 




_ Y 

''4+1 ^4+1 


p“o 


dl ^ 0. 


Proof. We proceed similarly as in the proof of Lemma 14.41 

Lemma 4.6. Under conditions (Al), (A2), (A4)(b), (A5) and (A6) , as n ^ oo, 


□ 


n-i 


0. 


Proof. Clearly, for all n > 1, 


n—l 

V U 


E 


I ^ 

■^fc,nr ifc 


and by Lemma 13.31 11. 

n—l 2 


k =0 


[ / U \2 


1- 

—' 

57“ Oi 

-1 


de = o, 


n—l 


Cu^An , 

<- - +1^' 


n 


4l'^) > 


fc =0 


for some constants C,q > 0. Thus, Lemma [3l8] concludes the desired result. 


□ 


Lemma 4.7. Assume conditions (Al), (A2), (A4)(b), (e), (A5) and (A6). Then as 
n —>■ oo, 

n—l 


n-i 

Jo 


74 ,£ _ 

^k,n 


R 


9{l),k 


_ V 

'' 4+1 ^4+1 


fc=0 Jo 

Proof. By the mean value theorem for vector-valued functions. 


P^o 

di y 0 . 


y.S{£) 

^k,n 

where 


R 


9{£),k 


Y^^U _ Y 

ifc+i ik+i 


= An ideb{e{i),Xt,)r {aa*)-RXt,) {Mk,n,i + Mk,n, 2 ), 


AIk,n,l — 

Mk,n,2 = / 

J ti 


/' (a>m ,+^ A?) - mn» + -?W, X,.) I da*, 

Jtk JO \ 


•s/nAn J tf, 

4+1 


RnAr, 


£k. 


-E' 


m 

Xt, 


,Af«)-6(0(^),Wj) ds 

(bmyy - b{9{i)yy)) ds 

.J tv. 


Using (A2), (A4)(b), (e) and Lemma iT^ il. we get that 


n—l 

E 

A:=0 


\U\ 


RnA., 


=E 


{debm,Xt^)r {aa*)-\Xt,)Mk,n,, 
Jo 


di 


Ti 




RnAr, 


Y^(U _ Y 

-' 4+1 ^h+i 


■ n—l 


<^^E(i + iv,j’), 


n 


fc=o 


for some constants C,q > 0. Therefore, by Lemma 13.91 we conclude that as n ^ 00 , 


n-l »i 

/ (dsb(m,Xtjr(aa*)-\Xi,)Mk,, 

yo^^Jo 


pOQ 

idi y 0. 
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We next show that as n ^ oo, 


”■“1 /■! 

/ idgbm,Xt,)naa*)-\X,^)Mk,n,2di ^ 0. 

Using Girsanov’s theorem, the Lipschitz condition on b, (A2), (A4)(b), and Lemmas 13.61 
and I3.3lf ii , we obtain that 

n—1 


n-L 

id9b{e{e),Xt,)naa*)-\Xt,)E Mu,n,2\K 

n-l „i 


M 


rh+i 

j tir 


n—1 


Egs{U,So 

k 


C^k + 1 


^k 


(6(0(£),XfW)-6(0(^),Aff)) 

(6(0(^),y/W)-6(0(£),y/E)) ds 


dP 




dP 




- 1 


- 1 


A 




ds 


A 




dt 


<^^E9 + AG’). 


n 


fc=o 


for some constants C,q > 0, which shows Lemma l3.8r i). 

Finally, we proceed as in the proof of Lemma 14.41 to show that condition (ii) of Lemma 13.81 
holds true. Thus, the result follows. 

Lemma 4.8. Assume conditions (A1)-(A8). Then as n ^ oo, 

n—1 


□ 


n-l 

E Jo 


k=o Jo 

Proof. First, by Girsanov’s theorem 


^6,^ t^9{£) 


R 


e{i),k 


•Y^iP _ Y 

ifc+i i-k+i 


E 


^k,n 


R 


9{£),k 

6 


_ Y 

^tk+i ^ife+1 


Ri 


£k 






P®0 

di E 0. 


dP 


B{t),k 


A 


^k 


= 0 , 


where we have used the independence between R^ ’ and together with the fact that 

E-e(o,ep = 0 and E^ 9 (o, 9 p [ g IA^] = 1. This shows that the term (i) of Lemma 

^k dQf} ’ ° 

13.81 is actually equal to 0 for all n > 1. 

We next show that condition (ii) of Lemma 13.81 holds. Cauchy-Schwarz inequality gives 


n—1 9 

U 


E 


t-o 


E 


'0 


y 0 ^£ _ -p9{£) 

^k,n 


R, 


e(£),k 


Y^^R _ Y 

-'tfc+i ^ifc+1 


di 


Ri 


£k 


^7/2 TA /■! 

S;^E/ (Ol+D2 + D3)<!f, 
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where, setting ek{6{i)) := (aa*) 


Di = E 

(ekm) [ (cix!°.,z) - c{Xt^,z)) N{ds,dz)] 

Xtk 


\ Jtk Jr^^ ^ J 



D 2 — E 


— E 


E 


m 

Xt, 


ek{di^)) - c{yI^^\z)'^ M{ds,dz) 


_ Y 

''ifc+i ^h+i 






eum) 
m 


r^k+i 


-E 




Jtk •' ITig 
■ifc+1 


c{Xti^,z)N{ds,dz) 


Itk 


ciy!k^\z)M{ds,dz) 


_ Y 

^tk+1 Xtk+1 


X, 




Using Burkholder’s inequality, the Lipschitz property of c and Lemnia f3.3r i). together with 
hypotheses (A2), (A4)(b) and (A 6 ), we get that for some constants C, g > 0, 


3u" 


^ ^ rl r^ti^A 

E/ DiM<—^J2{l + \X„n. 

rv 0 


n—1 


nA 


n 


k=0 


Using Girsanov’s theorem, Burkholder’s inequality, Lemmas 13.61 and I3.3f i). together with 
hypotheses (Al), (A 2 ), (A4)(b) and (A 6 ), we obtain that for some constants C,g > 0, 


D 2 < E^s(o,sg 


+ 


E^e(o.eo 


i^kW)) (c{y!^'\z) - c(Uif \ ^)) M{ds, dz) 

ek{e{^)) 


ftk + l 
Itk 

/■*fe+i r 
Itk JKg 


A 


ciY!l^\z) - ciY,y,z)) Mids,dz) 


I'k 


dP 




- 1 


A 




A, 


<C(A^ + ^)(l + |A,,r). 


This implies that 


■?,;2 ^ ] /-i / 1 \ ,,2 ^ 1 


Again, Girsanov’s theorem yields D 3 = Dap + Dap, where 

rh+i 


-Da,i — E^0(o,eo 


- E 


m 

Xtk 


-Da,2 — Egs(q,sg 

^k 


(ek{0{i))( [ [ c{Xtk,z)N{ds,dz) 

\ X d tk -/Mq 

[ c{Yf^^\z)M{ds,dz) 

’'tk+i r 

/ c{Xtk,z)N{ds,dz) 
.k Jm 


_ Y 

^tk+i Xtk+i 


dP 




- 1 


A 


^k 


ek{0{i)) 
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- E 


m 


[ [ c{Yf^^\z)M{ds,dz) 

Jtk 


_ Y 

-'4+1 ^4+1 






Observe that |-D 3 ,i| < 2 {D^ i i +i? 3 ,i, 2 )) where 


■^3,1,1 = 
-03,1,2 = 


Egs(U,So 


E«e(U,So 

'^k 


( r^k+1 r _ 

ek{Gii)) / / c{Xt^,z)N{ds,dz) 

Jtk JMq ^ 


dP 


E 


m 

Xtk 


/ tk " il-^Q 

emi)) [ c{Yl^^\z)M{ds,dz) 




- 1 






_ Y 

''4+1 ~ ^4+1 


/ dP \ 

“1 

V 

^ 4 ] 


Using the same arguments as for the term D 2 , we get that for some constants C,q > 0, 

2 n—l ^9 n—1 




nA- 




yJnXn 'IT' 


k=0 


Applying Lemma (3^ Jensen’s inequality and (Al), (A2), (A4)(b) and (A6), we obtain 
that for some constants C,q > 0, 


3u 


2 /■! 


nAr, 


,.-_L „ 2 /.--L 

O—n U /tv ^=0 

ek{0{^)) [ [ c{Yfj‘^\z)M{ds,dz) 

Jtk JRi 


9 ( 1 ) 


■^^(/) _ Y 

'' 4+1 "^4+1 


A 


4 


1/2 


di 


C u 


O u- V—> , . 


41 


fc =0 


Einally, it remains to treat iJ 3 , 2 - Multiplying the random variable inside the expectation 
by ^PPly^g Lemma [5.51 and using the inequality e~^ < valid for 

any x > 0 and p > 1, we get that for n large enough, for any a £ {v + Sm'y + 37 , i), 


0^0 £ ( 4 ) 2 “ ^J')’ ^ ^ “0 “ 37717 ), q > 1, and p > 1, 


3u 


1 1 

4’ 2 
2 ^-1 /-I 


/fc—j. o 2 /^l 

V [ D3^2di = V [ d£ 

if] i C\ ^ ' 

fc =0 fc =0 


nA. 


<C I A7A^+A2" + 


'{L|<piA^} 


i>{dz) 


u 

n 


n—l 




^k 


191 > 


k=0 


n—l 


^2a-l ^2^0+67-1 

+ 0-^(1 + \X,,n I A-2-7-ie-''°(i+i\n^ + A;2-7-i-ig-^^'(r+|90,|.)3 


/c=0 
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<c\ x-^A;i+Al^ + 


'{kl<PiAK} 


|<?G 


2 ^—1 

k=0 

( , \ 2 

^_2™^_l+(l_2„)p ^ ^-2™7-,-l+(l-2ao-67)p\ ^ (1 + (1 + , 

^ ^ k=0 


for some constants C,Co,Ci > 0, qi > 1. Note that the events Jo,fc) Ji,k, J 2 ,k-, the constants 
V, 7 and Mq^^\ are defined in Subsections 15.51 and 15.61 

Therefore, using hypothesis (A7) and choosing p > 1 such that —2m7 — 1 + (1 — 2q;)p > 0 
and — 2 m 7 — | — 1 + (1 — 2 ao — 67 )p > 0, we conclude that as n —)• oo, 


nAn 


n—1 




k=0 ' 



0 . 


Thus, the desired proof is now completed. 


□ 


4.4. Bounded drift. The aim of this Subsection is to prove that the LAN property also holds 
true for equation (11.11) when the drift is assumed to be bounded. For this, the assumptions 
on the drift and jump coefficients are reformulated as follows. 

(Ar) Same condition as (Al) except that \b{6,x)\ < L(1 + | 3 :|) and |c(x, 2 :)| < C(- 2 )(l + |3:|) 
are replaced by 


\b{e,x)\<L, \c{x,z)\<c,{z). 

(A8’) I det(Irf + V 3 ;c(x, z))! > 7 , and \V {v)u\ > ■^, for some constants rj,l3 > 0, where 
ipiv) = V + c{v, z) — X — c{x, z). 

In this case, the LAN property also holds. 

Theorem 4.9. Assume conditions (AT), (A2)-(A7) and (AS’). Then, the statement of 
Theorem \2.^ remains valid. 

Proof. The proof follows along the same lines as that of Theorem [2]2] except that the estimates 
(|5.6p and (|5.7I) are now replaced by (15.Sp and (15.9p . □ 


5. Appendix 


5.1. Proof of Proposition ISTTl 

Proof. Let / : —>• M be a continuously differentiable function with compact support. 

Fix t £ [tk,tk+i]. The chain rule of the Malliavin calculus gives {Dt{f{Yf^^^{tk,x))))* = 
{Vf{Y-fi^^^{tk,x)))* DtY-fi^^^{tk,x). Since the matrix DtY^^^^{tk,x) is invertible a.s., we have 
= {Dt{f{Yl^^{tk,x))))* Uf itk,x), where Uf{tk,x) = {DtYl^^{tk,x))-^. 
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Then, using the integration by parts formula of the Malliavin calculus on the interval 
[ 4 , 4 + 1 ], we get that 


d,E 




= E 


1 


(yfiYl^^itk,x))rdeYl^^itk,x) 

I 1 

{Yf{Yl^^{tk,xWdeYl^^{tk,x)dt 


= —E 

iJtk 


= ^E 


A 


n Utk 


/ (A(/(T/^^,(4,x))))*C/f(4 , x) dgYf-^^_^ (tj^, x)dt 

J tic 


= 


f0^h+iitk,x))6 (4 {tk,x)d0Yt^^^{tk,x 


Observe that by (13.51) . the family {{Vf{Yf^^_^{tk,x)))* dgYf^^^{tk,x ),6 G 0) is uniformly inte- 

grable. This justifies that we can interchange dg and E. Note that here 6 {V) = 6 (y ^[t^,tk+i] (')) 
for any V G Dom 5. On the other hand, using the stochastic flow property, we have that 


dgE 


f0^tl+i{tk,x))] = [ f{y)dgp%An,x,y)dy, 
J JRd 


and 


E 


/(^tfc+i( 4 ,a ;))5 (U {tk,x)dgY^^^^{tk,x 


= E 


= /(y)E 1^5 [U^{tk,x)dgYl^^{tk,x)j Y^l = x,Ytl^_^ = yj p\An,x,y)dy, 

which hnishes the desired proof. 


f{Y^l^,)5(U\tk,x)dgY^l^^{tk,x 


K = 


□ 


5.2. Proof of Lemma 13.21 

Proof. From ()3.3[) and Ito’s formula, 

(V,F/(4,x))-^ =Id-^'(V,y/(4,x))-^ (v,b{eXitk,x))-J2{V,ai{Y,\tk,x))f'^ ds 

Y, /'\v,y/(4, x))-iV, ct,(E/( 4, x))dfT‘ 

(Va;y/(4,x))"^ (id + Va;c(y/_(4 ,x),z)) {V^c{Y^_{tk,x),z)fv{dz)ds 

I \ / 


i=l 


+ 





- [ [ (Va:E/(4,x)) ^ (ld + Ya;C{Yf_{tk,x),z)^ Vxc{Y^_{tk, x), z)M{ds, dz), 

which, together with (13.41) and Ito’s formula again, implies that 

ftk+l 

(VxE/^+,(4,x))-'5,y/^^^(4,x) = / {V,Y!{tk,x))-^dgb{e,Y^{tk,x))ds. 

•b tk 


(5.1) 
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Then, using the product rule [29l (1.48)] and ()5.ip . we obtain that 

ftk + l 

= ideYl^^{tk,x)ri{V.Yl^^itk,x))-^r / (V,y/(4,x))*(a-i(y/(4,x)))*diy, 

- j '^\r (ds ((50y/^^^(4,x))*((v,y/^^^(4,x))-i)*) u-i(y/(4,x))v,y/(4,x)) ds 

/‘ifc + 1 ftk + l 

= / ((V,y/(4,x))-^a06(0,y/(4,x)))*ds / (V,y/(4,x))*(u-i(y/(4,x)))*diy, 

Jtk 

" (((V,y„^(4,x))-^506(0,yf(4,x)))*) u-Hy/(4,x))V,y/(4,x)) duds. 


We next add and subtract the matrix {(VxYf^(tk,x))~^dob{6,Yf^(tk,x)))* in the first inte¬ 
gral and the matrix {VxYf^{th,x))*{a~^{Yf^{tk,x)))* in the second integral. This, together 
with the fact that Yf^{th,x) = Yf^ = x, yields 

d (u\tk,x)deYl^^{tk,x)') = Ar,{a-\Yl)deb{e,Yl)r{Wt,^, - Wt,) - i??’" + 4" + . 

(5.2) 

On the other hand, by equation (13.21) we have that 

- Wt, = u-Hy/j(yt^, - Yl - 6(d,y/jA„ - (6(d,y/) - 6(d,y/j) ds 

\ Jtk 

- r^7a(y/)-a(y/j)diy.- [ c{Y,t,z)M{ds,dz)). 

Jtu ^ ' Jtu Jui / 


f tk ik ^0 

This, together with (15.2p . conclude the desired result. 


□ 


5.3. Proof of Lemma 13.61 


Proof. Observe that 


dP 


1 Pk+l 


dQl^’' 


- 1 = 


(b(0 ,Xt}-b(0 i,Xt))*cT-^(Xt) 


0 Jtk 


dP" 


(dBt - aa-^iXt) (b(d,Xt) - b(ei,Xt)) dt) -Y^da. 

dQk 

Consider the process W = {Wt,t G [tk,tk+i]) defined by 


Wt := Bt- a 


f a-\Xs) (6(d, A,) - b{0^,Xs)) ds. 
Jtk 


By Girsanov’s theorem, hP is a Brownian motion under P'' 
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Using Girsanov’s theorem, Holder’s and Burkholder-David-Gundy’s inequalities, the mean 
value theorem, and hypotheses (A2), (A4)(b), together with Lemma EiS] (ii), we get that 




f 

f 


V ^-1 


dQl"' 


K 


Ef 




V {b{0,Xt)-b{ei,Xt)ya-\Xt)dWt 

■ Jtk 


A 




da 


< 


E 


pa 


|up 


A 




Ef 


{b{e,Xt) - b{e,,Xt)r a-\Xt)dWt 
J tk 


A 


^k 


da 




|up 


xf 


da, 


for some constants C, qq > 0, where p,q > 1 and - + - = 1. Thus, the result follows. □ 


5.4. Transition density estimates. Eor any t > s and i > 0, we denote by — s,x,y) 

the transition density of Xf conditioned on A| = x and Nt—Ng = i, where Nt = A([0, t] xM'^), 
t > 0 is a Poisson process with intensity A = v{dz). That is. 


P 


\t - s,x,y) = ^ql^{t - s,x,y)e 


(5.3) 


i=0 


For any t > s and i > 1, we denote by — s,x,y, zi,, zi) the transition density of 
Af conditioned on Af = x, Nt — Ng = i and = {zi ,..., Zi}, where ^[g^t] are the jump 
amplitudes of Z on the interval [s,t], i.e., J^[g^t] •= <u <t}. 

We next show the upper bound estimates for the transition density q^Q'^{t — s,x,y) and 
X, y; z). For this, we transform equation (II.ip by introducing a new RAyalued process 


= {Vf)t>o defined by Vf := f{Xf) = -j=J==. Notice that |U/| < 1, for all t > 0. On 
the other hand. 


V/(x) = 


Vi+IA®P 

1 

(1 + |xP) 2 


(Id + A(a:)), 


where the matrix A{x) = — xx* is symmetric and non-negative definite, for all x G 

Moreover, it is easy to check that det V/(x) = (1 + |xp)“ 2 “^ > 0, for any x G M'^. 

By Ito’s formula, satisfies the following SDE with jumps 

dVy = [xf{Xt)b{e,Xt) + itr {v2/(Af)a2(Af)} - V/(Af)c(Af_, ^)u(dz)^ dt 

+ Vf{Xf)a(Xf)dBt+ [ (f{Xf_ + c{Xf_,z)) - fixD) N{dt,dz), 

Jr^ ^ ' 


(5.4) 
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and = (tr{VV*(^fObserve 


where Xf = , 

* VhW 

that the drift and diffusion coefficients of equation (j5.4l) are uniformly bounded and con¬ 
tinuously differentiable with bounded partial derivatives. On the other hand, the diffu¬ 
sion coefficient does not satisfy an uniform ellipticity condition but satisfies, by hypoth¬ 
esis (A8)(b), an ellipticity assumption in all The new jump coefficient is given by 


c{v,z) := /( 


+ c(- 




’ 


z)) — V, where |u| < 1. Note that when X^ has a jump at 


time r with jump size c{X^_, XZ^-), then has the jump size c(Vy_, XZ^-) at the same time. 


For any t > s, we denote by {t — s,x,y) the transition density of Vf conditioned on 

Vg = X and Nt — Ng = 0. Under conditions (Al), (A2), (A4)(a) and (A8)(b), by [211 
Corollary 3.25] and [3l Theorem 9 iii)], for any 6 £ Q, there exist constants c,C > 1 such 
that for all 0 < t < 1, and x,y £ M'^, 


ey. 


C 


9(0) ^ 




(5.5) 


For any t > s, we denote by — s, x, y; z) the transition density of conditioned on 

Vg = X, Nt — Ng = 1 and = {z}. Then, x, y; z) satisfies the following estimate. 


Lemma 5.1. Under conditions (Al), (A2), (A4)(a) and (A8), for all 6 £ Q, there exist 
constants Ci, 6*2 > 0 such that for all x,y £ and z £ Mq, 



x,y;z) < 


Cip'^jz) - 

r]{z)Xn‘^ 


\y—x—c(x,z)\^ 


where r]{z) and /3{z) are defined in (A8)(a). 


Proof. Using the Chapman-Kolmogorov equation and the fact that the distribution of the 
jump time conditioned on = 1 is uniform on [tkUk+i]-, together with (15.5p . we get 

that for some constants 0,(7 > 1, 


{^n,x,y;z) =f f q^(^^{t-tk,x,v)q^(^^{tk+i-t,v + c{v,z),y)dvdt 


< 


(J Uk+i 


rtk+1 r 
Jtk 


in Jtk 


(t - tkY/"^ 


\v-x\^ 


\y — v — c(v,z)r 


(4+1 - 


‘^Xk+i-1^) dvdt. 


We next use the change of variables u := if{v) := u -|- c(u, z) — x — c(x, z). Observe that 

tplx) = 0 and the gradient satisfies det Vi/^(u) = detV/( , -|- c( A z)) > 0, for all 

yi-br v^-br 

juj < 1 and 2 £ Mq. Therefore, the mapping v i—>■ ifiv) admits an inverse function ■0“^. On 
the other hand, det V'0(u) > y{z), and using the mean value theorem there exists a £ (0,1) 
such that 

|'0"^('w) - = \X'4;~^{au)u^ > 

where we have used hypothesis (A8)(a). Therefore, 

9(i) {Xn,x,y;z) 
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< 


(j rtk+i 


< 


in Jtk 

c 

r]{z)Ar 


(t - tk)^ 


r^k+i r I 

Ju [t - i 

rh+i r 

Ju 


1 


i’ ^(u)-!/’ ^(o)| 


1^1' 


(4+1 - 


\y — u — x — c{x,z) I 


1 


det V'4>{v)\ 


dudt 


I 


{t - tkY/'^ 


g cl^^M(-t-tk) ■ 


(4+1-i) 2 


C/34z) f'=+i 


1 


\y — u — x — c(x,z) 1^ 

-e 

|y—a;-c(x,z)|^ 


_g f=(/3^(z)(t-tfc) + ^A; + l-0 dt. 


v(z)An Jtk (c - tk) + 4+1 - 

Next, observe that 

c A l) A„ < c {P'^{z){t - tk) + 4+1 -t) <c {0^{z) V l) A„, 

from where we deduce that 


<h'X{An,x,y\z) < 


Cp^{z) 


(1) V rj(^z){{/3‘^{z) Al) 

for some constant C > 0. Therefore, the desired resnlt follows. 


\y — x — c{x,z) I ^ 

c(/3'^{z)Vl)A„ 


□ 


Lemma 5.2. Under conditions (Al), (A2), (A4)(a) and (A8), for all 6 £ Q, there exist 
constants c,C > 1 and Ci,C 2 > 0 such that for all t > s, x,y £ and z £ Mq, 


C 


UMzztMr 


q(Q)(t-s,x,y) <j^—-^e detV/(y), 


qli){An,x,y,z) < 


CiP^{z) - l/ 0 )-/W-A/G), 0 ' 


C2/3^(z)a„ detV/(y). 


ri{z)A'Y‘^ 

Proof. Since det V/(y) > 0, for all x,y £R‘^ and t > s, we have that 

(Af G dy\x! = x,Nt-N, = 0) = P (vf £ df{y)\v! = f{x),Nt - A, = o) , 


(5.6) 

(5.7) 


P i^Xr £ dy 
which, together with (j5.5p . implies that 
R u _^ jy 


C 


.IXMzTMr 


Q{o)it - s,x,y) = {t - s,f{x)J{y)) detv f{y) < detVf{y). 

This concludes (j5.6l) . Similarly, 

^tk ~ ^i^tk+i ~ Atf. — 1., h.\^tk,tk+d ~ 


P e dy 

= P (r<L. e ■S'fe)|L! = /W.'V,.,. - JV,. = i,4a+.i = u 

which, together with Lemma l5.ll implies that 

qli){An,x,y]z) = q^^^{An,f{x),f{y)-,z) detVf{y) 

< -TT^e c'2/3^(z)An, detV/(y). 


r]{z)An‘^ 


Therefore, the desired result follows. 


□ 


Under the conditions in Subsection 14.41 the upper bound estimates of the transition den¬ 
sities are as follows. 
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Lemma 5.3. Under conditions (Al’), (A2), (A4)(a) and (AS’), for all 6 £ &, there exist 
constants C, c > 1 , Ci, 6*2 > 0 such that for all 0 < t < 1, x,y £ and z £ Mq, 


C 


„ ( 7 l D-a:-c(3,,2)|^ 

Q{i){^n,x,y;z) <—^e . 


(5.8) 

(5.9) 


Proof. The estimate ()5.8p follows from Azencott [H page 478]. Using the change of variables 
u := ipiv) := V + c{v,z) — x — c{x,z), and condition (AS’), the proof of (15.9p follows along 
the same lines as that of Lemma (|5.ip and is therefore omitted. □ 


5.5. Expression of conditional expectations via transition densities. Consider the 
events Ji^k = {^ 4+1 - = *} and = {^ 4+1 - = i], for k £ { 0 , ...,n - 1 } and 

i £ {0,1}, where Mt = M([0,t] x M'^), t > 0 is a Poisson process with intensity A. We denote 
by the jump amplitudes of Z on the interval [s,t], i-e, := {AZu;s < u < t}, and 
by fj,{dz) = jump size distribution of Z. 

For each k £ {0, ...,n — 1}, we consider the events 


-^k,n — 

ftk+i r 

/ / zN{ds,dz) 

J tj^ ^Rq 

G [piA](,P 2 A„'^]| 

II 

Uk+i r 

/ / zM{ds,dz) 

J tk Jm.q 

G[piA-,p 2 A-^]j 


where pi,v are constants from hypothesis (A7), and p 2 , 7 are some positive constants with 
7 G (0, ^). We then denote by and ^ their corresponding complementary events. 

Set / = {z G Mq : piAjj < \z\ < p 2 An'^} or / = {a G Mg : piAjj < jaj < p 2 An'^}, and recall 
that ek{0) = {deb{6,Xti^))* {cra*)~^{Xi;^). As in [T 8 l Lemma 2 . 2 ], we have the following 
expressions for the conditional expectations in terms of the transition densities. 


Lemma 5.4. Under conditions (Al), (A2) and {A4){a), for all k £ {0, — and9£Q, 

Uk+l 

Ifc Jl,k J^k,n 

^ 11-Aq 

ekid) f 1 9(1) (A„, ,y;a)c {Xt ^, o) p{da)e~^^^ AA^ 




Jo,k 




/ c{Yf z)M{ds,dz) 
jRf? 




- 

_ Y 

^tk+i 

) 

Xtk 


g^o)(An,A 4 ,y)e 


{An, Xt^,y) 


(5.10) 



( /■*''+! f 







^Jo,k 


) 

Xtk 


'I — AAt] 


' / -I Q{i)i^n,Xt^,y,a)e ^^^XAn{ek{e)c{Xt^,a)y dyp{da), 

I jRd' y P \An, Xtf.,y) J 

(5.11) 
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and 




J\,k 


efc(0)(l^ [ c{Xt,,z)N{ds,dz)E% 

\ Jtk JKq 




•yd _ Y 

-'tfc+i ^4+1 


-E' 




ftk+l f 



- 

^Xk 1a,,„ 

_ Y 

''t,+l A-t,+i 

)) 

At, 


(5.12) 



6^(6')// {c{Xt^,z) - c{Xt^,a)) g^^)(A„,Xt^, 2 /;a)/j((ia)e 


//JRd \ P^{^n,Xt^,y) 

X (A„, , y; \Xndyy{dz). 

Proof. Using Bayes’ formula, we get that 

Pk+l 


E 








E® 


/ c{Ytl,z)M{ds,dz) 
jRg 


= 

^fc+i 

At,+i 

=2ft,+i} 

1- 

Ad 

K" 




// ^fi) (An, Xt ^, ; a)c {Xt ^, a) y{da)e-^^" AA, 

This, together with Bayes’ formula again, implies that 



r / 

/■T+i r 



- 

pQr° 

u. 4 «(«)Ei.. 

^Xk^Ak,J^^ J^^^c(Y,^x)Mids,dz) 

yd _ Y 

-'t,+i 

) 

At, 


Qj"" 

'efc {0) fI q^i) (An, Xtf ^, ; a)c {Xt ^, a) yL{da)e~^^^ AAn' 


X E^s.so 


which implies (I5.10p . Similarly, 

Pk + l 




Jo,k,Xtk 


E^Mo 


- E^Mo 


efc(^)lA,.„ / [ c{Xt„z)N{ds,dz)E^Y, 

tk JWq 


P 



I 7 

'^0,fc 

''t,+ l A.4 _^j 





2 


I. 


= / E 


or 


T,fc 

/9?o)(An,X,„X,,^Je-"^"y 

p<>{An,Xtk,Xtk^,) ) 



1{0) (An, ^tk , X4^| Je 


At, 

-AAn\2 


X 


^k 


“^lA, A[t,,t,_|_]^] {®}, Atj, 


(efc(6»)c(X4,a))' 


^ ^fc’ ° (A[t,,tfc+i] S da, Ji^fc 


X 


^k 
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2 

(A„, , y; a)e~^‘^"XAn {eki9)c{Xt^, a))^ dyy{da), 


which shows (15.lip . The proof of (I5.12P follows along the same lines and is therefore omitted. 

□ 


5.6. Large deviation type estimates. By abuse of notation, we consider the events J 2 ,k = 
> 2} and J 2 ,fc = {^ 4+1 - > 2}. For i e {0,1, 2}, set 


Mi = 




f [c{Xt^^,z)N{ds,dz) 

\ \ t/ 'tj^ t/IK q 

r^k+1 r 

/ c{Ytl^^)M{ds,dz) 

tu 


w® _ V 

-'tfe+l ^ifc+l 


X 




In all what follows, to deal with the estimation of \ek{0)\, hypotheses (A2) and (A4)(b) 
will be used repeatedly without being quoted. 

Recall that for the simple Levy process in [TB], we used a large deviation principle by 
conditioning on the number of jumps inside and outside the conditional expectation in order 
to obtain the large deviation type estimates (see m Lemma 2.4]). For the non-linear model 
0 , we need to obtain an analogue of m Lemma 2.4]. For this, we use the fact that the 
study of the asymptotic behavior of the transition density leads us to study the behavior of 
the transition density under the additional condition on the number of jumps which has to 
be compared with another transition density with a different number of jumps. This is why 
one needs to use lower bounds for the transition density and upper bounds for the transition 
density conditioned on the jump structure in order to show the following large deviation type 
estimates. 


Lemma 5.5. Under conditions (A1)-(A3), (A4)(a), (b), (A 6 ) and (A 8 ), for any 9 £ Q 
and n large enough, there exist constants C,Co,Ci > 0 and <71 > 1 such that for all a G 
{v -|- -|- 37 , ao £ ( 3 , 5 — Sy), e G (0, ao — Smy), q > 1, and k G {0,..., n — 1}, 


-Co-, 


2 i-i-i 


Mo <0(1 + iXtJ"!) A- 2 -^e + x-^An ^ + A, / u{dz) 

VAlI<piA-} 


X/f < C (1 + jXtJ'?!) ( A-^^T-e A^" + 

^ 2 aQ+ 67 -l _ 

^{dz)] + An'^'^'^ ^e 

I {\z\<piA-ii} 


2 i-i-i 


+ A^ 


^ \ ^ 20 , 0 + 67-1 

[ iy{dz)] 


2 i+i 


M^<CX-^An ^(l + jX^J'^i). 



(5.14) 

(5.15) 


In particular, (|5.15p holds for all n > 1. 


Proof. We start showing (I5.13p . Multiplying the random variable inside the conditional expec¬ 


tation of Mq by 1 ^^ -|- 


and 1 


Jo,k 


' ^ Ji fc + ^ J 2 fe ’ ^0 - 3(^0,1 +^0,2 + ^ 0 , 3 ) 
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where for i G {1,2}, setting AM^ := 



/ 

ftk+i r 


Y 




c{Y^^,z)M{ds,dz) 

z,k fe.n 

\r6 _ Y 

^tk+i A^tk+i 

) 



■^^0,3 ~ 


Jo,k 


ek{9)K,^ 


rtk+i r 

{AMfe>o}lAf / / c{Yl,z)M{ds,dz) 

Jtk 


By (|5.1Up . we have that 


= 


' ek{9) fj (An,Xt ^, y; a)c (, a) /r(ha)e 
/(A„, At^,y) 


-AA, 


AA, 


-'tfc+i ^tk+i 


Q(o)i^n,Xt^,y}e ^^^dy 


We next divide the dy integral in Mq^ into the subdomains Ji := {y G : |/(y) — f{Xt^,)\ > 


tI and J 2 := (y G : |/(y) - f{Xt^)\ < 


p\An,Xti^,y) > j^qf^^{An,Xt^,y;a)y{da)t 


-XAr 


XAr. 


< CA-^^^ (1 + \Xt,n [ ql,^{An,Xt„y)dy 

J J '\ 

<cA-^^^{i + \xt,r) [ 

Jj 


iJi A. 


\f(y)-f(Xt^^)\ 

e detV/(y)(iy 


_ “n 

< C'A-2”^^(l + |Wj''i)e 

a 2“-1 

< (1 + 1^,191)6 


'ji aH’^ 


1 |/(y)-/(Vt,)| 

6 2 ca„ detV/(y)dy 


(^p®(A„, Ai,,y)) > yj'o)(A„, Af,,y)e ^yj'i)(A„, At,, y; a)y((ia) 
Then, using hypothesis (Al), Fubini’s theorem and (|5.7I) . we get that 

< CA-2-^ (1 + |At,|9i)e-^^'^AA„^ J^q^^iAr,, Xt„y,a)p{da)dy 


g-AA„AA^ 


<CA- 2 -^(l + |At,| 9 i) 


' J 2 

Qd( \ \fiy)-f(Xt^)-Z{f{Xt^),a)^ 

6 C 2 +(a)A„ det V/(y)dyu((ia), 




- 5 -}, where a G (u + Smy + 87 , i). 


(i+AtfcP)^ (i+AtfcP)^ 

and call each integral Mq^ ^ and Mq^ 2 - Therefore, the estimation of Mg^ is divided into 
two parts. The first one uses a large deviation type principle for the continuous process. The 
other uses the fact that the jump term is signihcantly bigger than the continuous term. This 
fact is obtained under condition (A3). We start bounding ^ By (15.8p . 


(5.16) 


Then, using (Al), on I, |c(Ai,,a)| < CAn"^'^{l + |Ai,|) for some constant C > 0, and using 

_ I |2 |a;|^ , 

f|5.6p . together with the equality e~'^' = e ^valid for all x E we get that 


(5.17) 


for some constants C > 0, c > 1, > 1, since the dy integral is Gaussian and thus finite. We 

next treat Mg ^ 2 ■ Observe that p5.3l) yields 


(5.18) 
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for some constants C, C 2 > 0 and qi> 1, since e A„ < 1 . 

Then, using the mean value theorem for vector-valued functions, we get that 
|h(/(XiJ,a )|2 = |/(X,, +c(X,,,a)) -/(X,J |2 

\ 2 

Vf{Xt,+r^c{Xt,,a))dAc{Xt,,a) 


1 


> 




> 


> 


(1 

+ 

\Xt, 

2)3 



(1 

+ 

\Xt, 

2)3 



+ 

(/ 




\Jo 



(1 

+ 

\Xt, 

2)3' 

C3A 

2{v+Z'm'y) 

n 


{\d + A^) dr]j c{Xt^,a) 
2 


0 (l + |Xt,+r?c(Xi,,a)|2)2 

c{Xt^ ,a)+ A^dr^ c{Xt ^, a) 


(5.19) 


{Xt^,a)\^ + 2 f {c{Xt^^,a)f Ar^c{Xt^,a)dr] 
Andr^ c{Xt ^, a) 
c{Xt„a)\^ 


(1 + l^t.P)^’ 

for some constant C 3 > 0 , since the matrix A^j = A{Xti^ +r]c{Xtf., a)) is non-negative definite. 
Here, we have used the fact that on /, from (Al), \c{Xt^ ,a)| < C'An™'^(l -h \Xt^\), and from 
(A3), |c(At^,o)| > C\a\ > CpiX^ for some constant C > 0. 

On the other hand, on J 2 we have that \f{y) — f{Xt^)\ < 2 ) 3/2 ■ Thus, using the 

inequality \u+v\^ > — |up, valid for all u, u G M'^, together with the fact that a > u-l-Smy, 

we deduce that for n large enough, 

, 2 ^ |h(/(AiJ,a )|2 


\f{y)-f{Xt,)-Z{f{Xt,),ar> 


> 


> 


-\f{y)-f{xa^ 

aH“ 


^3A20+3m7) 

2(1 + |X,J2)3 - (1 + |^^J2)3 
^4A2(«^+3m7) 


(1 + 1 ^ 4 ^)=*’ 

for some constant (74 > 0. Therefore, using (A 6 ), we obtain that for n large enough. 


Mo ^^2 < (1 + \Xt^ |'?1) e Ai+\xt^\-^p 

^ Iilj2 via. 

. 2(’u+3m7+37) — 1 
_(Js. r 


. 2(D+3m7+37) — 1 


g2d( \ |/(;/)-/(Vtfc)-e(/(Vtfe),a)| 

^ detX f{y)dyi'{da) 


^{da) 
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< (1 + e ( / u{da) + / |a|“+3i/(da) 

\J{|a|<l} ^{|a|>l} , 

. 2(D+3m7+37) —1 

-Cs- 


. 2('u+3m7+37) —1 




for some constant > 0, since the dy integral is Gaussian and thus finite. This shows that 
for n large enough and a € (u + 3 m 7 + 87 , ^), for some constants C, Cq > 0, 


< C (1 + iXt,!?!) 


(5.20) 


Next, using Jensen’s and Holder’s inequalities with p,q > 1 and | + | = 1, and hypotheses 
(Al) and (AG), it holds that 


A/q 2 < E 


J2,k 


K = 


< P T 


'2,k 


ek{0) [ [ c{Y^l,z)M{ds,dz) 

Jth ^ 

efc(<9) / / c{Yl,z)M{ds,dz) 

Jtu JMi 


K = 


2 p 




<CAfAi^Ml + |AtJ'?i). 


(5.21) 


Next, using again Jensen’s and Holder’s inequalities, and (Al) and (A 6 ), we get 


1Ho,3 — ^ 




< E 


/‘Cfc +1 /* 

efcC^*) / / c{Y^l,z)M{ds,dz) 

/■h+i r \ 

ek{0) / c{Y^l,z)M{ds,dz)] 

Jtu JmJ: / 


K = 


K = 


x(p (A^fc,„,AMfc>0|y/^=A 


^A: 


< CA^ (1 + lAtJ'^i) (P AMfe > 0|y/^ = A 


tfe ; 
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where p,q > 1 and p + q = 1- Oii the other hand, using Chebyshev’s inequality and (A 6 ), 


P Q 

we have that for any a > 1 , 

p(l^,„,AMfc>0|y/^=At,)=p( 


^tk+l ^tk 


+ P 


^tk+1 ^tk 


<plK.J2,k]+^ 


< Pl^n) Jl,k 

> P2^n'^, AMfc > 0 


^ik+l ^tk 


< P 


A 




^tk+l 




< e ^^"A. 


L 

I 

L 


< piA^IJi,,j P(Ji,fc) + (AAO' + {p2^AiyE 

fi{dz) + {XAnf + {P 2 ^ Aiy [ [ \z\'^iy{dz)d, 

J th 


(5.22) 


{kl<piA-} 


< / u{dz) + (AA „)2 + CAl^+^ 

'{\z\<piA^} 


n I ^{dz) -\-C (XAn) , 

{|z|<piA^} 


for some constant C > 0, where k is chosen in order that 7 K + 1 > 2. Therefore, 

u{dz)] ' +AiA| I il + \Xt,r), 


AfQ 3 < CAfi 


/{|d<PiA-} 


which, together with (I5.2UD and (I5.21D . shows (15.131) . 

We next show (15.141) . As for the term Mq, multiplying the random variable inside the 

conditional expectation of Mf by 1 r + 1 Tc and It +lr +lr ^we have that Mf < 
^ i Ak^n ^k,n Jl,k J2,k ^ ~ 

+ Mf 2 + 3 + A/f 4 ), where 

r^k+i 


'1,1 — 


-E' 


Jek{0)(lA^^ [ [c{Xt,,z)N{ds,dz) 
[ [ z)M{ds,dz) 

Ju 


I 7 1 a 




A 


^k 



f 

ftk+1 f 





Ul, 

^4 ^(^t„z)Mids, dz) 

\z0 _ Y 

-'tfc+l ^4+1 

) 



^^ 1,3 = E^e.so 




ek{0) 


f^k + 1 


' ^k 


c{Xt^,z)N{ds,dz) 


X, 


^k 


^L4 



( 

Yk+1 r 



E^Mo 

U-,. («(9)E»,,^ 

l{AMfe>o}lA= / / c{Yt z)M{ds,dz) 

Jtk JR^ 

\rd _ Y 

-'tfc+l ^ifc+l 

) 


A, 


^k 


To bound 3 , using Jensen’s and Holder’s inequalities, and (Al), (A 6 ), we have that 

rtk+i r \ 


'1,3 ^ ^qI-% 


nk+1 r \ 

ek{0) / c{Xt^^,z)N{ds,dz)\ 

d JRq J 


A 


^k 


P Af ,Ji,fc|A 


^k 


di 
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< CA^ (1 + \X,,n (P , , , 

i + i 

p <? 

and hypothesis (A 6 ), we have that for any k > 1, 


where p,q > 1 and | + | = 1- On the other hand, as (I5.22p . using Chebyshev’s inequality 


(4„. =p( 

^tk+1 - ^ 

^tk 

<PiA^,ji,fc)+p( 

^tk+i ^tk 

> P2A„'^, 

<p( 

^[tkfik+l] 

<piA;i|j4,fc)p(j4,fc) + (p2-'A;^)"E 

^ ^ K,' 

^tk+i ^tk 


<e / p(dz) + (p 2 ^A^')'^ j j \z\^i^{dz)ds 


j 

J{| 2 |<piAj;} 

< e~^^"An [ u{dz) + C {XAnY , 

J{| 2 |<PiA^} 


fifc+i 


Itk JMg 


where k is chosen in order that 7 K + 1 > 2. Therefore, for any q > 1, 

u{dz)Y +X-^Ai I {l + \XtkW 


Mf^3 < CAn 



{|z|<piA-} 


Proceeding as for Mq 3 , we also get that for any q > 1, 


Mf 4 < CAn 



{| 2 |<piAjT 


u{dz)] +a^a;^ (i + |Xt,r) 


We next bound Mf 4 . For this, adding and subtracting the term 

C^k+1 /* ^ r 


■^k.i 


^k 


[ c{Xt„z)N{ds,dz)E<Y, 
jRi 


inside the square, we get that Mf 4 < 2 (Mf 4 4 + Mf 4 2 ), where 

rtk+i 

Itk •J in-Q 




^ j^^YXtk,z)N{ds,dz) 
^Ak / c{Xt^,z)N{ds,dz)E% 

Jtk 


- 



- 

I7 

^l,fc 

yS _ Y 

-'4+1 ^ifc+l 

)) 

Xtk 


^h,l,2 — 




-E' 


Xu 


^Ji,k^Ak 


rtk+i 
Itk - 


c{Xt^,z)N{ds,dz)E<Y, 


Jl.k 


[ [ YYtl,z)M{ds,dz) 

Jtk 


/ tk ia.Q 

Observe that M 4 4 4 < 2 (M 4 4 49 + Aff 4 4 2 ), where for i e {0, 2 }, 

Ctk+l 


^tk+i Xtk+i 


_ Y 

^tk+i ^ifc+l 
2 

'Xtk 




Vi,fc 


(efc(0)l;^ / c{Xt,,z)N{ds,dz)E^^^ 

\ Jtk JR-i 


\ro _ Y 

^tk+i ^ 4+1 
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By dsn]), 


M\ 


M,l ,0 


i p^{An,Xt^^,y) 


— AAr? 


q'^^^^{An,Xt^,y;a)e {ek{6)c{Xt^,a)Y dyyL{da). 


Again we divide the dy integral into the subdomains Ji := {y £ : \f{y) — f{XtYj\ > 

t} and J2 := {y £ : |/(y) -/(XtJ| < }, where a £ (n + Smy + Sy, 


and call the terms and the same way the term was treated, 

using (15.181) . (15.6p and hypothesis (Al), we obtain that 

+ [ qlo){^n,Xt„y)dy 

J Jl 

a 2«-1 

< CA-2"*^(1 +|A4j''i)e 

for some constants C > 0, c > 1 and qi > 1. Next, ()5.3I) yields 

{An, Xt^,y) > y^o)(A„,Xt^,y)e"^'^" 


(5.23) 


Then, as for the term Mq ^ 2) using hypotheses (Al), (A3), (A6), and (EZD, we get that for 
n large enough, 

A<i,i,o,2 <CA- 2-T'(l + |AiJ''i)e-^^"AA„ / [ q^^^n, Xt„y,a)dyp{da) 


-Co 


I JJ2 

^2(^ + 370,7+37) —1 


<CA-2 ™T'(l + |AtJ''i)e 
for some constants C,Co> 0 and qi > 1. Therefore, the term ^ Q satisfies (|5.20l) . 

As for the term Mq 2, we have that 1 2 — CX^An (1 + for all <7 > 1 and for 

some constants C > 0, gi > 1. 

We next treat Mf ^ 2- Using (|5.12p . we have that 

((^k{0) fj {c{Xt^^,z) - c{Xt^,a)) g^^)(A„,Xi^,y;o)y(do)e“^^"AA„\ ^ 


"^"^ 1 , 1,2 — 


pYAn,Xti^,y) 

X yfi) {An, Xt^,y, z)e~^^^\Andyp{dz). 


We next fix oq £ ( 5, 2 ~ Sy) and let e £ (0, oq ~ Srri'y). Consider the set 

= {a G I : \c{Xt^,z) - c{Xti^,a)\ < A+ for all z G 1} . 

We next split the integral inside the square of Mfj 2 the sets l^k and l(Efc)c and call 
both terms 2,1 and 2,2- Fust, (|5.16l) . (|5.7p and hypothesis (A6) yield that 


Ml,^2,i<Ce-^^-XAi+^^l + \Xt,n / q^^^Y^n,Xt„y,z)dyp{dz) 


<CAlY^^l + \Xt,n 


I Ad p{z)At!'^ 


e C2/3^(2 )a„ det V/(y)(iyu(dz) 
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(5.24) 


Next, to treat 2 21 divide the domain of the dy integral into two subdomains Ii := 
{y e : |/(y) _ f{Xt,) -Z{f{Xt^),z)\ > and h ■= {y G M" : \f{y) - 


fi^tk) - c{f{Xtk)^z)\ < | 2 ) 3 / 2 and call both terms and Mf 12 , 2 , 2 - Then, 

using hypotheses (Al), (A 6 ), together with (15.161) and (15.71) . we get that 

<1,2,2,! + ql.^{An,Xt,,v;z)dyy{dz) 


<CA-2™7(i + |XiJ'?i) 


d/2 


'/ Jh r]{z)A. 
200 + 67-1 

_ 

<CA-2”^T'(l + |XiJ''i)e 2C3(i+|xt,|-)^ 

200 + 67-1 

_ 

<CA-2”^T'(l + |AiJ''i)e 2C3(i+|xt,|-)^^ 


c 2 / 3 ^ 0 )a„ (jg^ V f{y)dyy{dz) 


I Jh r]{z)A^ 


Qd( \ \f(y)-f(Xt^)-c(f(Xt^),z)\ 

rC 2 C' 2 / 3 ^( 2 )a„ detV f{y)dy 12 (dz) 


d/2 


for some constants 0,02,0^ > 0. Next, (|5.3|) yields 

(/(A„,Xt^,y)^ > p\An,Xt^,y) J^qf^^{An,Xt^,y,a)y{da)e~^‘^’'^XAn. 
Then, using hypothesis (Al) and (|5.7I) . we obtain that 




1,1 2,2,2 


< CA-^^J (1 + 

qiJAn,Xt^^,y,z)e~^^^XAn 

l(Ft)=9(i) (^10 > y; a)/j(da)-- dy/i{dz) 



11 JI 2 Jl 

<cA-^^j{i + \xt,n 

r.e 


p^{An,Xt^,y) 


III. 


X 


Qli)iXn,Xt^^,y,z)e 


h 

-AA„ 


iElY 


I3\a) -I 


r]{a)A 


d/2 


C 2 PHAA 1 detV f{y) 12 (da) 


p^{An,Xt^,y) 


-dyp{dz) 


<ca 1'"'^ ~^{i + \xt,n 


^la) - 


|h + c(/(Xt^).z)-c(/(Xt^).a)| 


71|N< 

(l+|Xtj 2 ) 3 / 2 l 


C 3 A, 


1 —b7 


v{da) 


q?.^(An, Xt,,y: z)e ^^’^XAn 

X *’ +A 7 ' - -d,tw mdy^.^dz), 

p%An,Xt^,y) 

for some constants C, 02,0^ > 0, where we set h := f{y) — f{Xti^) — c(/(Atj,), z). 
Next, using the same arguments as in (|5.19l) . we get that 

\c{f{Xt,),z)-c{f{Xt,),a)\‘^ = \fiXt,+c{Xt^,z))-f{Xt^+ciXt„a)l 

/-< A6m7 

+ \^h\ ) 
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~ + 

for some constant C > 0, since \c{Xt^, z) — c{Xt^., o)| > on {E^y. Here, we have used the 
following estimate, by (Al), 

1 + \Xt, + rjic{Xt„z) - c{Xt„a))\^ <i + 2(\Xtf + |c(Xt,,z) - ciXt„a)f) 

<C{1 + \Xtf + (1 + \Xtf) + |o|2-)) 


Thus, using \h\ < 




X and s + 3mj < ao, we deduce that for n large enough. 


\h + c{f{Xty,z)-c{f{Xty,a)\ > 


. |h(/(AiJ,z)-h(/(AiJ,a)r 


-|hp 


> 


CA 


2(e+3m7) 




> 


2(l + |XiJ2)3 (l + |AiJ2)3 
(^4A2(£+3m7) 


for some constant C 4 > 0. Therefore, using (|5.16l) and fj u(da) < 00 , for n large enough. 


M- 


e 

1 , 1 , 2 , 2,2 — 


< CA. 


—2m'y— 


d _ 


2 (£+ 37717 + 37 ) —1 


2 g c^(i+\x,xy^ (i + |Atj''i) 


Qli){^n,Xt^,y]z)e 


-XAr 


XAr 


lJ{\h\<A^0} P^{^n,Xt^,y,z)) 

(®+3™'7+37) -1 


■detXf{y)dyfj.{dz) 


L 


II(l{l)i^n,Xt^^,f ^{u);z)n{dz)e 


-XAr 


XAr 




{|«|<A“0 + 1} P^{^n,Xt^,f l(u)) 

^2 (2+3m7+37) -1 


-du 


!g c^a+ixtX)^ (i + lAtJ^i), 
where we have used the change of variables u := f{y), and f~^ is the inverse function of /. 


Since ao > e + Smy, we deduce that for any ao G (4, ^ — 87 ) and n large enough 


M- 


e 


1 , 1 , 2,2 ^ 


< CA 


- 2 m 7 -^ 


{l + \Xt,ne 


-Cl 


, 2aQ+67-l 

(i+PQTFF 


for some constants C, Ci >0, which together with (j5.24p gives 

( 7 ^ A^“0+®3'-1 d 

Mf,i ,2 <c{i + \Xty^y a^+2- + , 


for any ao G ^ — 87 ), e G (0, ao — 87717 ) and tt, large enough. 
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Finally, as for Mq 2 , we obtain that 2 + < CXi An (1 + for all g > 1 and 

for some constants C > 0, gi > 1, which concludes the proof of (I5.14p and (|5.15l) . □ 
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